A generalized Rayleigh-Plesset-type bubble dynamics model with a damage mechanism is developed for cavitation and damage of soft materials by focused ultrasound bursts. This study is linked to recent experimental observations in tissue-mimicking polyacrylamide and agar gel phantoms subjected to bursts of a kind being considered specifically for lithotripsy. These show bubble activation at multiple sites during the initial pulses. More cavities appear continuously through the course of the observations, similar to what is deduced in pig kidney tissues in shock-wave lithotripsy. Two different material models are used to represent the distinct properties of the two gel materials. The polyacrylamide gel is represented with a neo-Hookean elastic model and damaged based upon a maximum-strain criterion; the agar gel is represented with a strain-hardening Fung model and damaged according to the strain-energy-based Griffith's fracture criterion. Estimates based upon independently determined elasticity and viscosity of the two gel materials suggest that bubble confinement should be sufficient to prevent damage in the gels, and presumably injury in some tissues. Damage accumulation is therefore proposed to occur via a material fatigue, which is shown to be consistent with observed delays in widespread cavitation activity.
I. INTRODUCTION A. Bubbles in therapeutic ultrasound
Either as an objective or as an undesirable consequence, application of therapeutic ultrasound often entails cavitation and subsequent bubble dynamics within soft tissue. Such bubble action is thought to cause injury 1-3 in nominally noninvasive lithotripsy for comminution of kidney stones, both with commonly used shock waves in current clinical applications [shock-wave lithotripsy (SWL)] or with proposed high-intensity focused ultrasound bursts [burst-wave lithotripsy (BWL)]. Studies of pig kidneys exposed to SWL pulses-compressive shocks followed by rarefactions-suggest that the damage can be extensive and seems to occur during the treatment, 4, 5 in concert with the acoustic signature of cavitation. 6, 7 We consider SWL waveforms, though the present analysis is motivated primarily by BWL, for which we also report some specific recent experimental observations. BWL is an attractive alternative to SWL because it yields more uniform stone fragmentation in laboratory models, with fragment sizes related to the fundamental ultrasound frequency. 8 Its lower pressure amplitudes and straightforward integration with real-time ultrasound imaging are also hoped to reduce kidney injury 9 even while potentially faster clinical treatments are delivered. Still, experimental evidence in both animals 3, 10 and tissuemimicking phantom gels 9 indicate that cavitation-induced damage can still present a challenge for BWL.
While cavitation is an undesirable collateral effect in BWL, which provides our specific motivation, it is an essential feature in histotripsy, in which the violent action of cavitation bubbles provides the primary mechanism for removing tissue, often tumors. [11] [12] [13] [14] In this case, better control of cavitation might, for example, allow treatments at higher pulserepetition frequency (PRF), i.e., faster clinical treatment, yet also suppress tissue injury outside of the target. We investigate possible mechanisms for injury to explain observations and help guide protocols and procedures to avoid injury.
B. Bubble dynamics
The basic theory for bubble mechanics in liquids is founded on the Rayleigh-Plesset equation, which describes the dynamics of a bubble with finite surface tension in a viscous incompressible Newtonian fluid and subjected to far-field pressure variation. [15] [16] [17] [18] In the long-wavelength limit, this pressure variation can correspond to a passing acoustic wave. The basic Rayleigh-Plesset formulation has been augmented to include first-order liquid compressibility, [19] [20] [21] which provides for energy loss via acoustic radiation. This is important in some regimes so we likewise include compressibility effects.
Describing the corresponding bubble dynamics in soft tissues, even in this simplified single-bubble case, introduces additional challenges. Soft tissue is highly dissipative and can have sufficiently strong elastic resistance to counter bubble motion away from its stress-free reference size. [22] [23] [24] [25] [26] To represent these mechanisms, models have been further generalized to viscoelastic material, often using the Kelvin-Voigt model for its simplicity. The infinite surrounding medium was modeled as a linear elastic material by Yang and Church 27 and generalized to include finite-deformation elasticity with a neo-Hookean model by Gaudron et al. 28 These models have been valuable for quantifying the relative importance of different mechanisms for confining bubbles within tissue, despite their significant simplifications.
The two main additions to the Kelvin-Voigt model in the present study are strain-hardening, which is known to be important in many tissues as well as in some gel models of tissues, and a fracture-like disruption based on reported results for other soft materials. 29, 30 Only with these additions do the models we develop reproduce the principal observations from recent BWL experiments in gel-based tissue phantoms. 31 Because of its simplicity, the Kelvin-Voigt model has been used to model the viscoelastic behavior of hydrogels in conjunction with several experiments. [32] [33] [34] [35] [36] As with any model, it simplifies the description and is understood to be insufficient to precisely describe all the mechanical behavior of hydrogels. There are alternative descriptions available, which potentially provide a better quantitative model for some types of deformation, such as linear and nonlinear Maxwell, 22, 23 upper-convected Maxwell, 37 Zener, standard linear solid, 38 Phan-Thien-Tanner, 39 Jeffreys, Oldroyd-B, and Giesekus 40 models. These are expected to provide better representations of the viscoelastic behavior if sufficiently parameterized, but experimental data are currently insufficient to do this for the present gels. Thus, the Kelvin-Voigt description is suited to our objectives since it provides the simplest description that will facilitate examination of bubble dynamics in our tissue-mimicking phantoms.
C. Gel-based tissue phantoms
One of the main questions regarding tissue injury in SWL concerns why it takes so many ($1000) shock waves to initiate significant tissue injury, as observed for example, by Bailey et al. 6 This time also corresponds to the onset of the acoustic signatures of cavitation in pig kidneys in vivo.
6,41 Recent experiments, investigating cavitation in polyacrylamide and agar gels show a similar delay (Figs. 1 and 2 ). The principal observations that motivate the present analysis are that bubbles become visually active at multiple though few sites during the initial pulses and that new cavities become apparent, each suddenly, over the course of hundreds of bursts, similar to what is deduced in pig kidney tissues during a SWL treatment. 6 Furthermore, once active the bubbles are all of roughly the same size; they seem to share a similar maximum radius upon delivery of subsequent acoustic waves. To assess potential mechanisms leading to these observations, we develop a Rayleigh-Plesset-like bubble dynamics model with material properties based on independent quantification of the material properties of agar and polyacrylamide gels, including models for viscous dissipation, strain hardening, material fatigue, and fracture.
D. Organization of this paper
The overarching hypothesis guiding the investigation is that during the initial pulses, some combination of viscous and elastic resistance confines the bubble growth. A bubbledynamics model that incorporates material properties known to be important in similar gels is developed in Sec. II. Two constitutive models are motivated and implemented, with and without strain hardening as appropriate for each gel considered. Two damage mechanisms are proposed in Sec. IV: one is based on the widely used Griffith's fracture criterion, appropriate for agar gels; the other is based on observed maximum allowed stretch ratio, appropriate for polyacrylamide gels. When damage conditions are met, they predict rapidly growing damage volume, which is assumed to disrupt the gel's elastic and viscous characteristics. The driving BWL pressure pulse is based upon the waveform measurements described in Sec. V. It is shown in Sec. VI that with independently measured material properties, in conjunction with a standard material fatigue model due to cyclic loading, the basic experimental observations are reproduced. The bubble response to BWL and SWL pulses is compared in Sec. VII. Conclusions and implications are summarized in Sec. VIII.
II. BUBBLE DYNAMICS WITH STRAIN HARDENING
Though the bubbles might appear to be densely positioned in space in Figs. 1 and 2, this is in part an artifact of the twodimensional projection of bubbles distributed within the transparent three-dimensional material. The cloud is approximately axisymmetric, so the bubbles seen in the images are distributed along the line of sight over a depth comparable to the observed vertical extent. Even at their greatest expansion and density, void fractions evaluated in an area of 1 cm Â 1 cm corresponding to the center of bubble activity in the two-dimensional images are only about 6%. We therefore consider a single spherical bubble in an infinite material, which before damage is homogeneous and isotropic. This will be an especially good approximation when the bubbles are in their nascent stages of development.
The material stress is described by a nonlinear Kelvin-Voigt model, for which the elastic r e and viscous r v stresses sum as
The material is hyperelastic under the assumptions that (i) the elastic response is reversible, (ii) the stress depends only on the current strain, (iii) the material is isotropic, and (iv) the material is effectively incompressible. In this case, a strain energy density U determines the elastic stress tensor 42 r e;ij ¼ 2 ffiffiffiffi
where I 1 , I 2 , and I 3 are the principal invariants of the left Cauchy-Green tensor B ¼ FF T for deformation gradient F. For an incompressible material, det F ¼ 1, so I 3 ¼ 1 and Eq. (2) becomes
We consider two models for U, both of which are commonly used to represent soft tissue-like materials and are motivated and parameterized for the specific gels we consider in Sec. III: the neo-Hookean model with
where g is the shear modulus, and the Fung model, 43 ,44
where g and a are material properties. The Fung model Eq. (5) simplifies to the neo-Hookean model Eq. (4) in the limit of small (I 1 À 3), so g in the Fung model can be considered the low-strain shear modulus, as described in more detail in Sec. III and the Appendix. The strain energy function U is only a function of the first principal invariant I 1 for the models we consider, so Eq. (3) simplifies to
Both models have a simple form for the Cauchy stress when it is expressed for an incompressible material: 
The viscous stress r v is purely deviatoric and is taken to be linearly related to the strain rate, so
where l is the viscosity and u is the velocity. Assuming spherical symmetry and neglecting the bubble-interior low-density gas dynamics, the governing equations can be simplified in the usual way 18 to
where q is the density, and u is the radial velocity.
For the elastic contribution to the stress tensor, symmetry dictates that F is diagonal, with components in spherical coordinates 45 F rr ¼ @r
where r ¼ r(r o , t) is the current position corresponding to stress-free reference configuration r o , R(R o , t) is the bubble radius given reference-configuration bubble radius R o , and _ R is its time rate of change. Since det F ¼ 1 for an incompressible material,
which integrates to
where the condition kðtÞ ¼ R 3 À R 3 o corresponds to having r ¼ R at the bubble surface. Thus, the radial velocity is
and the first principal invariant of the left Cauchy-Green tensor B is
From Eq. (7), the corresponding contribution to the elastic stress tensor is
wherep is related to the hydrostatic stress p by 28 p ¼ À r e;rr þ r e;hh þ r e;// 3
The viscous contribution to the stress tensor based on Eq. (9) is
and
As appropriate for a nearly incompressible medium, dissipation associated with dilatation is neglected. 46 Integrating Eq. (10) from the bubble radius r ¼ R to
which now includes the time-dependent far-field pressure p 1 (t). This is approximately uniform in the present applications since acoustic wavelengths (%4.4 mm) are long relative to the bubble size (%0.1 mm). In Eq. (19), S is the surface tension, and the internal bubble pressure p B is related to the bubble volume assuming an isentropic process
where p v is the vapor pressure, c ¼ 1.4 is the ratio of the specific heats, and p B,o is the equilibrium bubble pressure for
The final term in Eq. (19) includes all the effects of elasticity,
where
Eq. (22) with
which is a preferred form for its simplicity. For a neoHookean material, Eq. (24) can be integrated directly to obtain
for the Fung model an adaptive quadrature is used to approximate the integral numerically up to the double-precision. The obvious and significant effect of the strain hardening in the Fung model can be seen by comparing E for different stretch ratios k in Fig. 3 . First-order compressibility effects (based on a Mach number expansion in _ R=c) are added following the Keller-Miksis approach 20, 27, 47 1 À
where c is the sound speed, and
We confirm that first-order compressibility effects obtained in this approach match those that would be obtained more rigorously following the matched asymptotic analysis by Yang and Church 27 for both neo-Hookean and Fung models. In the absence of strain hardening, which corresponds to the neo-Hookean model, the current formulation Eq. (26) recovers the model developed by Gaudron et al. 28 for polyacrylamide gel.
Although initial void sizes cannot be measured in the current gels, they are expected to have a distribution between 0.01 and 10 lm (Refs. 48 and 49). In Sec. VI, we will typically assume an initial radius of R o ¼ 0.1 lm, though the conclusions are insensitive to this choice. Since vapor pressure will be small (p v < 0.1 MPa) relative to the other pressures in Eq. (18), it is neglected. A small amount of gas is expected to be transferred into the bubble from the surrounding medium due to rectified diffusion, 50, 51 which is reabsorbed in the time (5 ms) between subsequent BWL bursts. 52 Thus, for our purposes, we neglect mass diffusion, assume no change in R o , and focus on viscous effects, elastic effects, and damage all of which seem to be of primary importance for the present regimes and materials. This assumption is further supported by the observations to which we compare. Residual bubbles, such as would be expected if significant gas diffused into the bubbles, are not seen between the application of BWL burst, so any gas exchange is expected to be small.
The sound speed of hydrogels are generally very close to water; thus, we take c ¼ 1480 m/s. The surface tension of hydrogels are likewise similar to water, so we take S ¼ 0.073 N/m (Ref. 53) . Equation (26) is solved with an adaptive fifth-order Cash-Karp Runge-Kutta scheme, 54 with initial conditions
III. MATERIAL PROPERTIES FOR GEL PHANTOMS
Hydrogels, such as the tissue phantoms in Figs. 1 and 2, consist of a sparse polymer network filled with a solvent of mostly water. Their elastic behavior has been studied, and is understood to depend upon many factors, including concentration and how the polymer chains are interlinked. Microindentation indicates Young's moduli are 175 kPa for the stiffer 2% agar and 30 kPa for the 5% polyacrylamide gels. 31, 55 For larger deformations, torsion tests show distinct strain-hardening for agar gel, 56 which provides sufficient data to estimate a ¼ 1 in Eq. (5), as described in the Appendix. In contrast, polyacrylamide gels display linear stress-strain behavior before rupture, and are therefore represented with the neo-Hookean model. 57, 58 The mass densities of both gels are close to that of water. Given the densities of water (q ¼ 1000 kg/m There are no reported measurements of viscosity at our specific conditions, which are challenging because they include both high strains and high strain rates. However, there is sufficient data available to enable us to select reasonable ranges of values to assess the potential importance of viscous dissipation in Sec. VI. Assuming the same Kelvin-Voigt description we employ, Catheline et al. 33 used transient elastography measurements of shear-wave speed at 400 Hz to deduce viscosity l ¼ 0.22 Pa s for agar. These low frequency measurements are complemented by measurements of shock attenuation in ballistic gelatin, which is a similar hydrogel tissue-mimicking phantom made of gelatin powder and water. Liu et al. 34 report l ¼ 1 Pa s for the strain rates up to 5.2 Â 10 4 s -1
, also assuming a Kelvin-Voigt model. These rates match those anticipated in cavitation, although at smaller strains. Typically, higher viscosities are In Sec. VI, we consider the behavior for this whole range of l from 0.001 to 10.0 Pa s for both polyacrylamide and agar gels. Fortunately our conclusions do not hinge on the specific values. Indeed, assuming any of the values reported does not fundamentally alter our principal findings. It should also be recognized that there is no expectation that a single viscosity parameter could fully describe the dissipative behavior of the gels. The key fact we rely upon is that the gel is expected to be significantly dissipative, with an effective viscosity that far exceeds that of water (l ¼ 0.001 Pa s) in all deformation regimes.
IV. DAMAGE MODEL A. Criteria for the onset of damage
The two criteria utilized to specify the onset of damage are introduced in the following subsections. The first criterion is based on Griffith's theorem, which is an energy based threshold mechanism, and appropriate, as we describe in the following, for the agar gel. The other is an ultimate strain limit that is based upon the gel microstructure, which is used to describe the polyacrylamide gel, which is likewise based on reported results discussed subsequently.
Agar failure: Griffith's theorem
Elastic materials store energy when deformed, and this energy provides the work that can reversibly return them to their initial configuration when applied stress is released. However, there is a finite amount of energy that a material can store, beyond which it fails via fracture. This limit corresponds to the energy required to generate new surfaces (e.g., cracks), and the corresponding threshold energy between these regimes constitutes Griffith's criterion: a crack will form and propagate when the elastic strain energy released by crack growth exceeds the surface energy of the new crack. 62, 63 Fracture toughness G is the corresponding material property that quantifies a material's resistance to fracture. An accepted quasi-static fracture toughness of G
By this model, cracks initiate when a bubble grows from its initial radius R o [ Fig. 4(a) ] to the onset of fracture at R f [ Fig. 4(b) ]. However, subsequent crack geometries cannot be described just by an energy balance. Since no long cracks are obvious in the visualization, we assume that fracture damage is localized near the bubble, in some number of small damage features. The local details of fracture are likely to disrupt the spherical symmetry, though this is not prominent in the visualization either, so consistent with our overall description, we homogenize this damaged region into a D-thick spherical layer of damaged material beyond the bubble [Fig.  4(c) ]. This assumption is expected to apply for the majority of bubbles that seem to remain spherical as in Figs. 1 and 2 .
For this geometry, the stored strain energy is
and the energy release as the crack grows is
where A ¼ pR 2 is the surface area of the bubble. 29, 30 With k ¼ R/R o representing the stretch ratio at the bubble surface,
with k d and b appearing as dummy variables. The energy released increases with k, and fracture occurs when it reaches fracture toughness G. Thus, the resulting critical stretch ratio
with E in Eq. (31) embodying the elastic behavior of the specific material. For a neo-Hookean material Eq. (4),
The corresponding k f (or R f ) for the Fung model is evaluated numerically for any fracture toughness G, elastic parameter g, and initial cavity radius R o . Some results for this are tabulated in Table I for R o ¼ 0.01 to 1 lm. Over this large range, Griffith's theorem predicts only a modest variation of k f , from k f ¼ 1.45 to 3.05, in agreement with experiments for agar gel. 30, 56 The primary initial condition we consider, R o ¼ 0.1 lm, yields k f ¼ 2.2, so the onset of fracture is R f ¼ 0.22 lm in most cases. Applying Griffith's theorem with fracture toughness as measured under quasi-static conditions, where viscous effects are negligible, constitutes a necessary assumption if we are to use available estimates of fracture toughness in our dynamic model. Extension of this to viscoelastic solids under dynamic loading would presumably allow a more accurate measure of the onset of fracture and improve our damage model.
Polyacrylamide failure: Ultimate strain
All gels must fracture (or somehow fundamentally fail) when strain exceeds the maximum allowed stretch k f of their constituent polymer chains. Measurements for polyacrylamide gel suggest that it is this mechanism that sets the stretch ratio to be k f ¼ 2.1 for polyacrylamide gel. 65, 66 Applying Griffith's theorem to polyacrylamide gel Eq. (33), with G reported between 2 and 3.1 J/m 2 (Ref. 67 ) for R o ¼ 0.001 to 1 lm, suggests k f between 9.9 and 122.5. Thus, polyacrylamide gel is expected to fail based on its particular microstructure rather than the Griffith's theorem energy balance since its constituent molecules are disrupted before the Griffith threshold is reached.
B. Damage zone thickness
Since we are particularly interested in how subsequent bubble dynamics are affected by damage, we also need to represent the effect of failure beyond its onset. For this, we assume that damage is localized to the neighborhood of the expanding void, and constrained by the same spherical symmetry of the bubble dynamics model. For both gel materials, when the bubble radius R ! R f , we assume newly formed damage of thickness D 0 , measured from the current bubble radius. The boundary between the damaged and undamaged zones is thus at r ¼ RðtÞ þ D 0 ðtÞ, and corresponds to k ¼ k f when damage is forming. Using Eq. (13), which can be inverted to determine the reference radius r o (r) for material currently at radius
which can be solved for the time dependent damage thickness with respect to the current bubble radius. Thus, new damage thickness is
where RðtÞ=R o is the stretch ratio at the bubble surface. The overall damaged volume is tracked in time and increased whenever D 0 > D, where D is the maximum damage thickness up to the current time. The extent of damage is thus preserved from oscillation to oscillation.
In the dynamic model, the lack of elastic resistance of damaged material is accounted for by excluding the damaged region in the integration bounds of Eq. (22):
In addition, the viscosity of the damaged material is reduced to the viscosity of the solvent, in this case water. The effects of this damage on bubble evolution are reported in Sec. VI.
C. Fatigue damage with stress softening
Cyclic large deformation of gels such as we consider is expected to lead to stress softening due to fatigue, which weakens the material. [68] [69] [70] We shall see in Sec. VI that in many cases the initial loading is insufficient to cause damage based on thresholds described in Sec. IV A. However, for these same loadings, the material is expected to degrade such that multiple pulses are required for material failure as would correspond to the observed behavior.
Several studies of hydrogels support such a mechanism. Martins dos Santos et al. 70 quantified fatigue due to straincontrolled loading in agar gels and observed that the maximum stress resistance to compression decreases by about 50% for maximum strain of 22.8%, and 75% of the ultimate strain after 1000 cycles. Stress softening has also been reported for synthetic biopolymers used in medical devices. [71] [72] [73] Ultra-high molecular weight polyethylene shows distinct stress softening due to cyclic loading. 74 Similarly, fatigue has been shown in tests of soft tissues. Schulman and Bader 75 reported a 50% decrease in ultimate tensile strength under cyclic loading for human extensor digitorum longs tendons. Several studies also reported fatigue phenomenon in cardiovascular tissues. [76] [77] [78] [79] Complicated phenomenological fatigue models have been proposed for fatigue damage of soft tissues with stress softening. 80 However, specific quantitative models for stress softening under cyclic loading for agar and polyacrylamide are not currently available due to the lack of experimental data. Still, the fact that they will fatigue is certain, and fortunately a simple standard model is sufficient for our purposes. Fatigue under cyclic loading is assumed to decrease both viscous and elastic stresses with respect to the undamaged state by a factor a, 75, 80 which increases with each loading cycle from an initial a ¼ 0 up to a ¼ 1, at which point the gel affords no resistance, though in our cases the other damage mechanisms become activated before a ¼ 1 would be achieved, switching from the slow fatigue to fast fracture mechanism. To incorporate fatigue modeled in this way into the bubble dynamics model, Eq. (27) is modified to include a as
Since fatigue is a probabilistic phenomenon, depending for example, on the local polymer network at each nucleation site, the specific rate at which a increases is expected to be different at each cavitation site leading to the typical scatter observed in fatigue experimental data. 69 This is proposed here for the seemingly random appearance of new bubbles as variability in the reducing confinement due to fatigue allows fracture damage to occur at different sites at different times.
V. DRIVING PRESSURE PULSE
The model we consider is general, and could be used for any strong pressure signal. We consider two waveforms: a standard SWL pulse and a BWL pulse. The SWL profile is shown in Fig. 5(a) and represented by
where p amb ¼ 0.1 MPa is the ambient pressure, p þ max ¼ 35 MPa is the peak positive pressure, c ¼ 9:1 Â 10 5 s À1 and x ¼ p=4 Â10 6 s À1 , which were chosen to match the waveform in a Dornier HM3 lithotripter. 81, 82 The BWL pulse is based upon focal pressure measurements of a BWL transducer using a fiber-optic hydrophone in a degassed water bath. 64 The measured BWL pressure pulse is shown in Fig. 5(b) and is wellfitted by
is introduced to account for the asymmetric peak amplitude. The shown signal has n ¼ 10 cycles, principal frequency of f ¼ 335 kHz, peak negative pressure of p À max ¼ 1 MPa and was used to set the ring-up and ring-down time for the pulse envelope s 1 ¼ 5 ls and s 2 ¼ 12 ls, respectively, in Eq. (39) . The treatments of the gels in Figs. 1 and 2 and other animal studies 3 used the same BWL source but operated at a higher intensity. Since it was not possible to provide an accurate measure of the signal at these higher pressures, extrapolation was used to estimate p À max ¼ 7.51 MPa and p þ max ¼ 10.09 MPa. Full details and justification of this procedure are reported elsewhere. The number of cycles in the corresponding experiments did not show significant sensitivity to n ranging from n ¼ 10 to 20; our present conclusions are insensitive to our typical choice of n ¼ 10.
VI. BWL MODEL PREDICTION RESULTS

A. Polyacrylamide gel
We first consider the polyacrylamide gel, which is simpler in the sense that it does not show strain hardening before fracture, the fracture itself initiates based on a simple strain criterion, and the elasticity is relatively weak. Given the uncertainty of the viscosity discussed in Sec. III, we also consider a wide range of viscosities between 0.001 and 10.0 Pa s. The maximum radius reached for this range is shown in Fig. 6(a) . We see that the damage criterion k > k f ¼ 2.1, is not satisfied for l > l c ¼ 1.8 Pa s, so even a viscosity that is low compared some measurements for polyacrylamide suppresses the bubble motion sufficiently to preclude damage. Below this critical value, however, the damage is significant and bubbles grow to nearly 1000 times their initial size. Elastic confinement plays little role in this case, which can be anticipated since even the maximum elastic confinement at k f , as calculated from Eq. (25), is E ¼ 15.2 kPa, which is only about 1/500 times the peak negative BWL pressure.
Illustrative R(t) histories are shown in Fig. 6(b) . For l ¼ 0.01 Pa s, viscosity has little effect and the bubble radius R(t) increases by a factor of about 1000 almost immediately. For l ¼ 1.0 Pa s, the bubble growth is initially suppressed. However, during the second cycle, the damage model activates, which reduces subsequent resistance and allows bubbles to grow still larger and cause still more damage on each subsequent cycle until it is essentially unconfined. For l > l c ¼ 1.8 Pa s, no damage occurs, and the bubble stays strongly confined, as shown for l ¼ 3.0 Pa s. This is the most likely scenario based on the viscosity estimates for the polyacrylamide gels discussed in Sec. III.
Still, even when the confinement is such that the bubble remains small, fatigue-induced material degradation is expected upon repeated BWL pulses, as discussed in Sec. IV C. Since elastic contribution to the total stress is small for polyacrylamide gel, the critical a c can be estimated to be
which is plotted in Fig. 7 (a) along with results from the corresponding numerical solution, which includes elastic effects. When this critical a is reached, presumably within around 1000 pulses based on the gel fatigue experiments discussed in Sec. IV C, significant growth occurs as shown for l ¼ 3.0 Pa s and a ¼ 0.4 in Fig. 7(b) . To construct this plot, a greater than a c is chosen such that k ¼ 1.02 k f is reached during the first subsequent exposure, which leads to rapidly increasing damage and unconstrained bubble growth after only about seven more exposures. This is consistent with the rapid appearance of bubbles from unseen (presumably subpixel-size) defects in the gels. By the tenth pulse, both radii reach a long-time behavior. We note, however, that the final R max % 554R o after 25 pulses is still smaller than R max % 1026R o reported for l ¼ 0.01 Pa s in Fig. 6 , which indicates that the high viscosity of the surrounding medium outside the damaged zone still provides some confinement.
B. Agar gel
We can anticipate that additional factors will dictate the behavior of the agar gel. At k f ¼ 2.22, as indicated by Griffith criterion indicates in Sec. IV A 1, the maximum elastic confinement from (24) is E ¼ 3.22 MPa, which is comparable to the negative pressure peaks of BWL pulse p À max ¼ 7.51 MPa. Thus we expect elasticity to play a role in the bubble response. The bubble dynamics are again considered for a range of viscosities. For l ¼ 0.01 Pa s elasticity is capable of confining the bubble growth sufficiently to preclude damage during the first two cycles (Fig. 8) . However, subsequently R(t) does exceed R f leading to run-away damage. Interestingly, even for the much larger l ¼ 1.0 Pa s, also shown in Fig. 8 , the damage model also activates yet bubble growth remains modest, with R max /R o ¼ 12.1. The stiffness and particularly the strain hardening of the agar are thus protective. Finally, for l ¼ 3.0 Pa s the radius R(t) stays below the damage onset threshold. The corresponding R max for the full range of viscosity is also plotted in Fig. 8(b) , and it is clear that the requisite viscosity l c ¼ 1.5 Pa s to suppress run-away damage and bubble growth is smaller than for polyacrylamide gel. The corresponding amount of strain softening necessary for fatigue to initiate fracturelike failure is shown in Fig. 8(c) . The increased elastic confinement for agar gel causes deviation from viscosity-only model Eq. (41).
VII. SWL AND COMPARISON WITH BWL
In this section, we investigate the model response to the SWL pulse and compare it with BWL results. The maximum bubble radius achieved during one pulse for a range of possible effective viscosities between l ¼ 0.1 and 10.0 Pa s is shown in Fig. 9 . A smaller maximum bubble radius corresponds to a smaller damage thickness within our damage model, and might indicate less potential tissue damage in clinical lithotripsy treatments as well. For SWL, the critical no-damage viscosities are l c ¼ 4.67 and 3.67 Pa s for polyacrylamide and agar gels, respectively. The larger l c compared to BWL suggests that a c for a given viscosity based on Eq. (41) is lower for the SWL pulse. Consequently, less fatigue is needed for SWL compared to BWL. While the current results suggest that fewer pulses are needed to initiate damage due to fatigue in SWL, damage in a treatment will depend on many factors, including specific amplitudes and number of pulses needed for stone comminution. A better understanding of BWL's ability to break kidney stones is therefore required to make a fair comparison.
VIII. SUMMARY AND ADDITIONAL DISCUSSION
A high-speed camera showed particular bubble activity inside polyacrylamide and agar gels subjected to BWL pulses:
• bubble activation at multiple sites during the initial pulses, with • further continuous appearance of suddenly large bubbles at new locations through the course of the observations A Rayleigh-Plesset-type bubble dynamics model with a damage mechanism is developed to evaluate potential mechanisms of viscous confinement, elastic confinement, fracture-like damage and fatigue in both gel phantoms. The main features of the model include:
• constitutive models based on independent experimental data for the two materials: The resulting model reproduces the key features of the experimental observations. It suggests that a combination of viscous and elastic resistance is capable of confining the bubble growth. For polyacrylamide, the main mechanical resistance comes from viscosity, while elastic resistance is significant for agar due to its strain hardening. Above a critical viscosity, within the range of those reported for these materials, the bubble growth is suppressed such that the damage model does not activate, and consequently no immediate damage or large bubble growth occurs. For these range of viscosities, the amount of fatigue driven stress softening required to activate the damage model is predicted, and verified by the bubble dynamics model.
The overall mechanism, consistent with the observations that motivated this model, is summarized in Fig. 10 . Initially, some nuclei are large enough, or defects make the material weak enough, such that some small number of bubbles appear with the first burst. Subsequently, bubbles appear after cyclic fatigue increases a to a c . Once this occurs, a fracture mechanism becomes activated. Unlike the fatigue, which is a slow accumulation of modest damage, both of the fracture criteria we introduced in Sec. IV A lead to an almost immediate and complete weakening of the material. This process completes to its ultimate bubble size after only a few cycles, but in this same period the bubbles become nearly unconfined. The stochastic character of the fatigue mechanisms explains their continuous appearance as different sites reach the critical point at different times; the rapidity of the fracture mechanism explains the apparent sudden (seemingly immediate) appearance of newly large bubbles during a treatment.
Despite the apparent success of this model at explaining these basic observations, it should be reiterated that this model was developed precisely because diagnostic challenges currently preclude direct confirmation of these mechanisms. Additionally, better parameterized mechanical models that include micromechanical mechanisms beyond what can be represented in the simple Kelvin-Voigt model, would probably be necessary for close comparison with specific experimental observations. They are presented as a reasonable explanation given the known dynamics of bubble voids and the available properties of these gels used to make the phantoms. In tissues, the delay might alternatively be explained by additional mechanisms, such as the lack of nucleation sites 83 or accumulation due to shear. 84 
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APPENDIX: PARAMETERIZING THE FUNG MODEL FOR AGAR
The shear measurements of Barrangou et al. 56 are used to estimate a in the Fung model Eq. (5) for agar. For pure shear, the deformation tensor is 
and the first invariant of B becomes I 1 ¼ c 2 /2 þ 3. Thus the shear stress simplifies to r ¼ gc exp ac 2 =2 . The shear modulus was measured to be 31.3 kPa. A data fit to the experimental results suggests 0.8 a 1.5 for agar as shown in Fig. 11 . We use a ¼ 1 in Eq. (5), though choosing 0.8 a 1.5 does not alter our conclusions. 
